Abstract. The theory of mixed multiplicities of filtrations by m-primary ideals in a ring is introduced in [6] . In this paper, we consider the positivity of mixed multiplicities of filtrations. We show that the mixed multiplicities of filtrations must be nonnegative real numbers and give examples to show that they could be zero or even irrational. When R is analytically irreducible, and I(1), . . . , I(r) are filtrations of R by mR-primary ideals, we show that all of the mixed multiplicities eR(I(1)
Introduction
The study of mixed multiplicities of m R -primary ideals in a Noetherian local ring R with maximal ideal m R was initiated by Bhattacharya [1] , Rees [18] and Teissier and Risler [23] . In [6] the notion of mixed multiplicities is extended to arbitrary, not necessarily Noetherian, filtrations of R by m R -primary ideals. It is shown in [6] that many basic theorems for mixed multiplicities of m R -primary ideals hold true for filtrations.
The development of the subject of mixed multiplicities and its connection to Teissier's work on equisingularity [23] can be found in [9] . A survey of the theory of mixed multiplicities of ideals can be found in [22, Chapter 17] , including discussion of the results of the papers [19] of Rees and [21] of Swanson, and the theory of Minkowski inequalities of Teissier [23] , [24] , Rees and Sharp [20] and Katz [11] . Later, Katz and Verma [12] , generalized mixed multiplicities to ideals which are not all m R -primary. Trung and Verma [25] computed mixed multiplicities of monomial ideals from mixed volumes of suitable polytopes. Mixed multiplicities are also used by Huh in the analysis of the coefficients of the chromatic polynomial of graph theory in [10] .
We will be concerned with multiplicities and mixed multiplicities of (not necessarily Noetherian) filtrations, which are defined as follows. The first author was partially supported by NSF grant DMS-1700046.
1 of ideals such that I i I j ⊂ I i+j for all i, j ∈ N. A filtration I = {I n } of a local ring R by m R -primary ideals is a filtration I = {I n } n∈N of R such that I n is m R -primary for n ≥ 1. A filtration I = {I n } n∈N of a ring R is said to be Noetherian if n≥0 I n is a finitely generated R-algebra.
The key result needed to define the multiplicity of a filtration of R by m R -primary ideals is the following. Let ℓ R (M ) denote the length of an R-module M . 
exists for any filtration I = {I n } of R by m R -primary ideals, if and only if dim N (R) < d.
When the ring R is a domain and is essentially of finite type over an algebraically closed field k with R/m R = k, Lazarsfeld and Mustaţȃ [14] showed that the limit exists for all filtrations of R by m R -primary ideals. Cutkosky [5] proved it in the complete generality as stated above in Theorem 1.2.
As can be seen from this theorem, one must impose the condition that the dimension of the nilradical of the completionR of R is less than the dimension of R. The nilradical N (R) of a d-dimensional ring R is N (R) = {x ∈ R | x n = 0 for some positive integer n}.
We have that dim N (R) = d if and only if there exists a minimal prime P of R such that dim R/P = d and R P is not reduced. In particular, the condition dim N (R) < d holds if R is analytically unramified; that is,R is reduced. The multiplicity of a non Noetherian filtration can be an irrational number. We will now give a very simple example of a filtration by m R -primary ideals with an irrational multiplicity. Let k be a field and R = k[[x]] be a power series ring over k.
where ⌈α⌉ is the round up of a real number α (the smallest integer which is greater than or equal to α). Then {I n } is a graded family of m R -primary ideals such that
is an irrational number. Mixed multiplicities of filtrations are defined in [6] . Let M be a finitely generated R-module where R is a d-dimensional Noetherian local ring with dim N (R) < d. Let I(1) = {I(1) n }, . . . , I(r) = {I(r) n } be filtrations of R by m R -primary ideals. In [6, Theorem 6 .1] and [6, Theorem 6.6] , it is shown that the function
is equal to a homogeneous polynomial G(n 1 , . . . , n r ) of total degree d with real coefficients for all n 1 , . . . , n r ∈ N. We define the mixed multiplicities of M from the coefficients of G, generalizing the definition of mixed multiplicities for m R -primary ideals. Specifically, we write
We say that e R (I(1) [dr]
r ; M ) ( [23] , [22, Definition 17.4.3] ) is equal to the mixed multiplicity e R (I (1) [d 1 ] , . . . , I(r) [dr] ; M ), where the Noetherian I-adic filtrations I(1), . . . , I(r) are defined by I(1) = {I i 1 } i∈N , . . . , I(r) = {I i r } i∈N . We write the multiplicity e R (I; M ) = e R (I [d] ; M ) if r = 1, and I = {I i } is a filtration of R by m R -primary ideals. We have that
Valuation ideals give natural examples of filtrations. Suppose that R is a d-dimensional excellent local domain. A valuation ν of the quotient field of R is called divisorial if the valuation ring V ν of ν dominates a localization of R at a nonzero prime ideal P of R (R P ⊂ V ν and m ν ∩R P = P P ) and V ν is essentially of finite type over R (V ν is a localization of a finitely generated R-algebra). We have that ν is divisorial if and only if there exists a normal projective R-scheme X with a birational projective morphism π : X → Spec(R) and a codimension one closed subvariety E of X such that the local ring O X,E = V ν is the valuation ring of ν. Define valuation ideals
Suppose that ν is a divisorial valuation which dominates R. Then ν determines a filtration I(ν) of R by m R -primary ideals, by I(ν) = {I(ν) n }. In a two dimensional normal local ring R, the condition that the filtration of valuation ideals in R is Noetherian for all divisorial valuations dominating R is the condition (N) of Muhly and Sakuma [15] . It is proven in [2] that a complete normal local ring of dimension two satisfies condition (N) if and only if it's divisor class group is a torsion group. It follows from [7, Theorem 9] that the multiplicity e R (I(ν); R) of the filtration of a divisorial valuation ν dominating a two dimensional excellent and normal local ring R is always a rational number. However, in dimension three it can happen that the multiplicity of the filtration of a valuation can be irrational. In [7, Example 6] , an example is given of a divisorial valuation ν dominating an excellent local domain R of dimension three such that e R (I(ν); R) is an irrational number.
Suppose that ν 1 , . . . , ν r are divisorial valuations of the quotient field of R which dominate R. Then for n 1 , . . . , n r ∈ N, the function (2) is a homogeneous polynomial of total degree d, whose coefficients determine the mixed multiplicities e R (I(
It can be deduced from the rationality of the multiplicities e R (I(ν i ); R) in dimension two that the mixed multiplicities of valuation ideals in a two dimensional excellent and normal local ring are always rational numbers; that is, the coefficients of (4) are always rational numbers if R has dimension two. However, the mixed multiplicities of valuation ideals can be irrational if d ≥ 3, since the multiplicities e R (I(ν i ); R) can be irrational.
Using methods of Rees as in the proof of formula (8) of [3] , we can deduce that the mixed multiplicities e R (I(
; R) are always positive if ν 1 , . . . , ν r are divisorial valuations which dominate an excellent analytically irreducible local domain.
In the classical case of m R -primary ideals, we also have that all mixed multiplicities are positive. If R is a d-dimensional Noetherian local ring, I is an m R -primary ideal in R and M is a finitely generated R-module of dimension d then the multiplicity e R (I; M ) > 0. Further, if J 1 , . . . , J r are m R -primary ideals, then all mixed multiplicities e R (J
In contrast, if R is a d-dimensional Noetherian local ring such that dim N (R) < d and I = {I n } is a filtration of m R -primary ideals, then the limit
n d can be zero if the filtration is non Noetherian. A simple example is the filtration I = {I n } where
. The mixed multiplicities of filtrations are always nonnegative, as we show in the following proposition. A natural question, at this point, is whether the mixed multiplicities are always strictly positive if the multiplicities e R (I(j); R) are positive . This is in fact true if R is analytically irreducible, as we show in the following theorem. Theorem 1.4. Suppose that R is a d-dimensional analytically irreducible Noetherian local ring and I(1) = {I(1) n }, . . . , I(r) = {I(r) n } are filtrations of R by m R -primary ideals such that
Then all of the mixed multiplicities
However, there do exist excellent domains for which all e R (I(j); R) are positive but not all of the mixed multiplicities are positive. We give an example, Example 3.1, which is established in Section 3.
We have the following corollary to Theorem 1.4, giving general conditions for all mixed multiplicities of filtrations of m R -primary ideals to be positive. (1), . . . I(r)} are filtrations of R by m R -primary ideals. Suppose that eR /P (I(j)R/P ;R/P ) > 0 for 1 ≤ j ≤ r and all minimal primes P ofR such that dimR/P = d. Then all of the mixed multiplicities
Proofs of the above results are given in Section 3.
We generalize this to all analytically irreducible local rings. We obtain the following necessary and sufficient criterion for vanishing and positivity of mixed multiplicities of filtrations.
Given filtrations I(1), . . . , I(r) of R by m R -primary ideals, we can reindex them so that there is an s with 0 ≤ s ≤ r such that e R (I(j); R) > 0 for 1 ≤ j ≤ s and e R (I(j); R) = 0 for s < j ≤ r. Theorem 1.6. Suppose that R is a d-dimensional analytically irreducible Noetherian local ring, M is a finitely generated R-module of dimension d and I(1) = {I(1) n }, . . . , I(r) = {I(r) n } are filtrations of m R -primary ideals such that there is an s with 0 ≤ s ≤ r such that e R (I(j); R) > 0 for 1 ≤ j ≤ s and e R (I(j); R) = 0 for s < j ≤ r. Then the mixed multiplicities
We have the following immediate corollary.
5
Corollary 1.7. Suppose that R is an analytically irreducible Noetherian local ring of dimension d, M is a finite R-module of dimension d and I(1) = {I(1) n }, . . . , I(r) = {I(r) n } are filtrations of R by m R -primary ideals such that e R (I(j); R) = 0 for 1 ≤ j ≤ r. Then the mixed multiplicities
In the case that r = 2, Corollary 1.7 follows directly from the third Minkowski inequality for filtrations of [6, Theorem 6.3] . Theorem 1.6 is proved in Section 5 of this paper. Throughout this paper, N will denote the non-negative integers and Z + will denote the positive integers. We will denote the set of nonnegative rational numbers by Q ≥0 , the positive rational numbers by Q + , and the set of non-negative real numbers by R ≥0 .
For a local ring R, m R denotes the maximal ideal. The quotient field of a domain R will be denoted by QF(R).
Mixed multiplicities on complete local domains
Suppose that R is a complete Noetherian local domain of dimension d, and I = {I n } is a filtration of R by m R -primary ideals.
For a ∈ Z + , let I a = {I a,i } be the a-th truncated filtration of I defined in [6, Definition 4.1].
Definition 2.1. Suppose that I = {I i } is a filtration of a local ring R. For a ∈ Z + , the a-th truncated filtration I a = {I a,i } of I is defined by I a,n = I n if n ≤ a and if n > a, then I a,n = I a,i I a,j where the sum is over i, j > 0 such that i + j = n.
We first review a method for computing asymptotic multiplicities, developed in [3] , [4] , [5] and [6] . The method is inspired by the work of [17] , [14] and [13] on volumes of linear series. There exists a regular local ring S of dimension d which is a localization of a finitely generated R-algebra with the same quotient field QF(R) as R, which dominates R (R ⊂ S and m S ∩ R = m R ). An algebraic proof of this is given in [6, Lemma 4.2]. Letting y 1 , . . . , y d be a regular system of parameters in S, we define a valuation ν dominating S by prescribing that ν(y i ) = λ i for 1 ≤ i ≤ d, where λ i ∈ R are linearly independent over the field Q of rational numbers and satisfy λ i ≥ 1 for all i. Let V ν be the valuation ring of ν and for λ ∈ R ≥0 , let
There exists c ∈ Z + such that m c R ⊂ I 1 , so that m nc R ⊂ I n for all n. By equation (10) of [3] or equation (31) of [5] , there exists β ∈ Z + such that 
where
The sets ∆(Γ) and ∆(Γ) are the closed convex bodies (the Newton-Okounkov bodies) associated to the semigroups Γ andΓ as explained in [3] , [4] and [5] . That is, ∆(Γ) is the intersection of the closed cone in R d+1 generated by the semigroup Γ with R d × {1} and ∆(Γ) is the intersection of the closed cone in R d+1 generated by the semigroupΓ with
By the natural identification of R d × {1} with R d , we will regard ∆(Γ) and ∆(Γ) as convex bodies in R d .
Proposition 2.3. Suppose that 0 ∈ ∆(Γ). Then ∆(Γ) = ∆(Γ).
Proof. We have that ∆(Γ) is the closure of the set
and ∆(Γ) is the closure of the set
Since ∆(Γ) ⊂ ∆(Γ) we must show that if (m 1 , . . . , m d , m) ∈Γ and ε > 0, then there exists (n 1 , . . . , n d , n) ∈ Γ such that n 1 n , . . . ,
Since by assumption, 0 ∈ ∆(Γ), given ε > 0, there exists n > 0 and g ∈ I n such that ν(g)
We can assume that ε is sufficiently small so that
We have that f n g m ∈ I mn with
By (8), we have that
Thus
and
is in the closure of ∆(Γ) and thus is in ∆(Γ).
Then there exists b ∈ Z + and β as in the equation (7) such that
Proof. By Theorem 2.2, vol(∆(Γ)) < vol(∆(Γ)) which implies 0 ∈ ∆(Γ) by Proposition 2.3. Since ∆(Γ) is closed, there exists ε > 0 such that the open ball B ε (0) of radius ε centered at 0 in R d is disjoint from ∆(Γ).
For c ∈ Q + , let T c be the simplex
We can choose c sufficiently small so that c < β.
Write c = a b with a, b ∈ Z + . Then by (7), (11)
for all i.
Positivity of mixed mutiplicities
In this section, we will prove proposition 1.3, theorem 1.4 and its corollary 1.5. The proof of the general criterion 1.6 will be proved in section 5. We also give an example in this section to show that the mixed multiplicities of filtrations can be zero even if all the ordinary multiplicities involved are positive in an analytically reducible local ring. r ; M ) of a set of m R -primary ideals J 1 , . . . , J r (which depend on a). This mixed multiplicity is nonnegative by [23] or [22, Corollary 17.4.7] .
3.2. Proof of Theorem 1.4. Since
for n 1 , . . . , n r ∈ N, we may assume that R is a complete domain.
By [6, Lemma 3.3] , we have equality of mixed multiplicities (12) e R (I(1)
. , I(r)
[dr]
where s t is such that I(j) t,sti = (I(j) t,st ) i for all i > 0 and 1 ≤ j ≤ r. By (9), there exists b ∈ N such that I(j) ibβ ⊂ m i R for 1 ≤ j ≤ r and i ∈ Z + . Thus
R for all i and j if s t is chosen to be a multiple of bβ. Thus [dr] (12) . Thus 
where the sum is over the minimal primes P ofR such that dimR/P = d and I(j)R/P = {I(j) iR /P }. The corollary now follows from Theorem 1.4.
3.4.
Construction of an example.
Example 3.1. There exists a two-dimensional excellent local domain R and filtrations I and J of R by m R -primary ideals such that e R (I [2] ; R) = e R (I; R) > 0, e R (J [2] ; R) = e R (J ; R) > 0, but the mixed multiplicity e R (I [1] , J [1] ; R) = 0.
Proof. Let R = C[x, y, z] (x,y,z) /(y 2 − x 2 (x + 1)), which is a two dimensional excellent domain. The minimal primes of the m R -adic completion of R are P 1 = (y − x √ x + 1) and
. By [3, Lemma 5.1], if I = {I n } is a graded family of m R -primary ideals, then (14) lim
We have the expansion
Define filtrations of m R -primary ideals by I = {I n } with
and J = {J n } with J n = (y + a 1 x + a 2 x 2 + · · · + a n−1 x n−1 ) + m n R .
We have that
for n ≥ 1, so that I n J n R 1 = xm n R 1 + m 2n R 1 . The set of all monomials in x i z j with i + j ≤ n and the n − 1 monomials z n+1 , . . . , z 2n−1 is thus a C-basis of R 1 /I n J n R 1 . Further,
so the set of all monomials in x i z j with i + j ≤ n and the n − 1 monomials z n+1 , . . . , z 2n−1 is also a C-basis of R 2 /I n J n R 2 .
Thus by (14) , e R (I [2] ; R) = e R (I; R) = 1 and e R (J [2] ; R) = e R (J ; R) = 1. + e R (I [1] , J [1] ; R) + e R (J [2] ;R) 2 = 1 + e R (I [1] , J [1] ; R) and conclude that e R (I [1] , J [1] ; R) = 0.
Minkowski sums of Okounkov bodies
We continue in this section with the notation of Section 2. In particular, we assume that R is a complete Noetherian local domain. Let I(1) = {I(1) n }, . . . , I(r) = {I(r) n } be filtrations of R by m R -primary ideals. For all (σ 1 , . . . , σ r ) ∈ N r , define semigroups where β is chosen so that (7) holds for I n = I(a) nσ 1 · · · I(r) nσr . With the notation of Section 2, we have thatΓ = Γ (0,...,0) . Lemma 4.1. Suppose (σ 1 , . . . , σ r ), (τ 1 , . . . , τ r ) ∈ N r are such that ∆ (Γ (σ 1 ,. ..,σr) ) ⊂ ∆ (Γ (τ 1 ,. ..,τr) ) (with β ≫ 0 in (15)) and vol(∆ (Γ (σ 1 ,...,σr) )) = vol(∆ (Γ (τ 1 ,. ..,τr) )).
